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Art. XLI.—Some Theorems relating to Sub-Polar Triangles.. " '
By BEverxx G. Hoee, M.A, Christ’s College, Gh{rismhu\rch.
[ Read before the Philosophical Institute of Canterbury, 1st December, 1 909.j -

‘

§1. Lt the straight lines joining the vertices of the ‘triangle ABC to the
points O,, O, meet the opposite sides BC, CA. AB, inh DD, BB, FF,,
Tespectively; then the triangles D,E,F;, D,E,F, are termed sub-polar
triangles, the points O,, O, being their respective poles.*

The vertices of any two sub-polar triangles lie on a conie, for, ‘taking
the co-ordinates of the points Oy, O, to be (@ Biy1); (aa Bays) respectively,
it may be at once verified that the conie S
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~eb(gmtag)=o s @
passes through the vertices of D,E,F, and D,H,F;.

If the points O,, O, be regarded as being determined by the inter-
section of the line L = la -+ mB + my = o with the conic S = a8y
+ Boya + 70 aB = o, then the conic (i) takes the form ) -

la2 2 - ° .
T T e — T o e fao =)

+fﬁ_(lao+mﬁo—n)}o)‘——‘—_o Ce o ().
Let the line L =o pass through the fixed -point O'(a’B'y'); then,

eliminating } between equation (i) and the relation lo! Fmp' +ny' =o,
the conie (1) takes the form mS, + 7S, = 0, when ..

2 " i =
81 = ﬁl:;o _ «ar%: —_ (ao ,8' + a'ﬁ;,),ylo (:— i g) - :)_go‘(%ﬁ"‘ﬁ ',B,o) =0,

2 3 '
Si=y = —d ;’— + (yoo' + ') g- (.,10 - i) - .;: :o'(y’ao — 700"} = 0.
Hence we derive the theorem,— ) T T
If the poles of two sub-polar triangles be determined by the.intersection
of a variable line passing through a fized point with a fized conic circum-
scribing the triangle of reference, the comc circumscribing the two sub-polar
triangles passes through four fized ponts. -
Tt will be'seen on inspection that one of the points of. intersection of
the two conics ', §” is the point (a, 8,v,)—the-pole of the conic S,.
A particular case arises if we suppose the variable line L to pass
through the point (a,B,7,)- Conie (ii) reduces to
2 2 2 . .
Z—:; +”‘T’f +2 - 2za03% — amp, Lo — 21%%:'0 e )
subject to the relation lo, + MmB, + fy, = 0. By eliminating  we obtain
o a 2 = a\[fa , 2
w2 =B+ g+ ) - D) G R T) =
which shows that all conics of this family pass through-the four fixed
POINtS (20B07e)s (— BaoBoye)r (20— 3Bove)s (0B —3ya) - .. .
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If the poles of two sub-polar triangles be the circular points ab in-
finity, conic (i) takes the form
o4 B ++* + 2Bycos A + Zya cos B + %ef cos C = o.
If the two points O,, O, be the extremities of a diameter of the circle
ABO, then conic (i) takes the form
a2 ﬂ! ,YB

)LsinAcpsA-,_’LsinBc'osB_‘-v sin C cos C

+___6_y_ (p,ha,nB+vha,nC—)\ta,nA)

sin B sin C

i +——E—-—(vtan0+2\ta.uA-—p.ha.nB)

sin Csm A

+;i:—:%;‘—]—3>()xtan A+ ptan B —vtan C) =o,
where A + p+v=0.
Since the equation of any diameter of the circle ABC is
Aa “8 oy
cosA+ o0sB TosG
if the diameter pass through the symmedian point
Atan A + ptan B+ vtan C=o,

and the above equation reduces to

gin (B-C) , + sin (C—A) sin (A—B) s — 2 gin A sin (B-—C)BY

s A sin B B+ sin C sia B sin C
2 sin B sin (C~—A) 2 sm C sin-(A —B)
T T snCsinA s A sin B of =0,

a conic which passes through the symmedian point of the triangle ABC.
If O, O, be the extremities of a diameter of the Steiner ellipse
1.1 1
E; 4 b8 + ;‘; =0,
then the conic (i) reduces to
A(a%a® ~ 2beBy) + 1 (V%6 — 2¢qya) + v (c*y® — 2a«bqﬁ) =0,
where A +p +v=0.
§2. The condition that conie (i) should be a rectangular hyperbola is
_.1_+_1__+._1_ +cosA( L + 1 )>_|. cosB(—l—--l——l—)
e fifs mnr Bivz  Bm \1102 7201
c(L+1Y=o. -
+ o8 (al B2 + ﬂzﬁl) 0

Hence, if O, (a1 B17:) be fized, the locus of O, will be the circum-conic

1/1 cosC , cos B 1 fcos C 1 cos A
LE+sta R (et )
1 /cos B , coz A 1 .
+;/( "2+ 2 +)=o0. . .. ()

If O, be the centroid of the triangle ABC, then the come (iv) reduces
to the circle ABC. ’ . ] )
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Hence the theorem,— ,

A rectangular hyperbola can be drawn through the middle points of the
sides of a triangle and the points in which the sides of the.triangle are cut
by lines joining any point on the circum-circle of the -triangle to the vertices

of the triangle. ,
It O, be she. orthocentre of the triangle ABC, then conic (iv) re-

duces to, - L
cos (B—C) = cos(C—A)  cos(A—B)
= T 5 + > = 0.

§ 3. If the circle described about the triangle D,E,F; meet the sides
_BG, CA, AB of the triangle ABC again in the respective points D'E'F,
then the lines AD?, BE?, CF! are concurrent. Let the co-ordinates of
the’ point of concurrence O be (a'8%'). The vertices of the triangles-
D,E,F,, D'EF! lie on the circle e

ayal + B8t + ny By (131“/1 + ﬂ"n) - ya(‘h“' ‘7141) .
« 1 - 1 - +
. _aﬁ(qu_ﬁl-{-‘;rﬁ_x):'o,' © e . -(v).
_ From the conditions for a circle, we at once obtain .
11 1 - v R
AT g AT (e + a’Bi® — Bryi®) — 2a1 By 08 A(aoy + b + oy) .
PO (aBt + By — 7ar?) — 20y pl’Yl cos B(aa; + b8 + c-y;)
te (Bl + plalt — off) — 2a; Bry, €08 C (aay + bB; + cyy).

1t may be at oncé verified that if a; : ,8{: 71_”= 2 13 g then
al: Bt: Y =gec A : seec B : sec C, and the eircle in this case is the
nine-point circle of the triangle ABC. ' )
If ga, + bB: + eyr= o, then
‘ B EREAYE
K (b—ﬁl + ot = o,
.1 1 .-
(Gt am) = B8
1 1\’
o (ot ) =9
hence the l6cus of the poin:t !By is the quartic curve o B
T, 1 1,1 AT Iy T
GIV(b—ﬁ-I-EI;)—I—bV(c—';—l—E&)-I—O (a-f—bﬁ):O . e e (Vl).

This result may be stated as follows :—

If lines drawn through the vertices of the triangle ABC parailel to a
given line I meet the sides of that triangle in: D, E;F, and,the circle
through D,B,F, intersect the sides again in D'E'F', then the lines AD!,
BE!, CF! are concurrent in the point O, and as L turns about a fixed
point in the plane ABC, the locus of O! will be the above curve (vi). - .~ *"

This quartic curve is the isogonal transformation of: .
Va(by +¢B) + vb(ca + ay) + Vc(af +-ba) = o,

a conic inseribed in’ the triangle formed by drawing tangents to-the circle’
ABC at she vertices of the triangle of reference. CULSRE S IR
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The lines joining the points of contact of the conic with the sides of
the circumseribing briangle to ‘the opposite vertices of that triangle are
concurrent in the point

¢ pF1 01 1 -1 -4- 1 11 1 .
[5+a-a atea—w ate ol

If the point O (a!f'y!) lie on the cuele ABC, then ‘the locus of
0O, (@ B171) i & quartic curve whose isogonal transformation is the conic
o cot A + 3 cot B +-y* cot C—2 (By sin A + ya sin B 4 of sin C) = o.

If the point O lie on the Steiner ellipse
1

11
mtgEpTe=%
¢hen the locus of O, is the quartic curve whose isogonal transformation is
the conic
abe (@ + Bt + 9) — (@ + 8 + &) (aBy + bya + caf) = 0.

§4. The remainder of the paper is concerned with the cases arising
when the poles of the two sub-polar triangles are isogonally conjugate
with respect to the triangle ABC. Let a point O (a,f3,7,) and its

isogonal conjugate O' 5- ﬁl i—) be taken, and let their sub-polar triangles
be DEF, D'E'F’. Also let
B ot % % P
T Y ﬁo’ 7= a Yo = Bo a0 !
,_ﬁo Yo 1 — Yo Qo ;%o ﬁo
=242 ==+, ==+
4 ’Yo+ﬂo 1 ao+')’o po+“o

The equation of the line Oo’ is
= aa, (B2 —70) + BBo (o' — as) + 7o (“o‘f -BH =0,
which, after dividing out by ¢, 8, yer reduces to '
L= pa+gB+1ry=o0.

The sub-polar triangles whose poles are isogonal conjugates are self-
conjugate wick respect to the conic which is the 1sogonal transformation of
the line joining their poles. ' ‘

The co-ordinates of the points D, D' are respectively (O S,v.)-

(O i 'ylo)’ and the equations of EF and E'F' are
a ; B

LI AT A
%+.80+'Yn °

. — ag, + BBs + yyo = 0.
The equations of the polars of D, D' with respect to the conic

S, =pBy +qya+71ef=0

P Bro -+ v80 + a @ro +7B) =0,
P (BBo + 7vo) + 2 (2B +7v) = 0

which ab ,onée reduce to the equa,t.i.onsl found for EF, E'F’, and so prove
the theorem. . . -

H

are
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The vertices of the triangles f)EF, D'E'F' lie on the cox;ic.

B=d+f+7 —phy - gra—ref=0,
and the sides of the two triangles touch the conic

3 'gz - .y‘z
s=2 4B,
' +qq’ + '

The polars of the points O, O’ with respect to the triangle ABC are
e« B o /
— — — o
% + Bo + Yo © !
aag + BB, + vvo =0, L
and these lines meet in the point O whose co-ordinates are (pg 7). -

Let the sides EF, FD, DF, E'F', F'D', D'E’ touch 3 in the"points
P,QR P QR regpectively : the equations of PP’, QQ', RR' are

—;+Q'+,7_O’ )
l, E, l,=°’

r P q 7
tyf 2o,
p q T

Hence the triangle formed by PP’, QQ', RR’ is thgsub-polar triangle of
the point Q' (p'q'r'). s ‘
The conic 8 is the harmonic conic of
s=VE L VE LN
A 8, Yo .
%= WVaat VBT Vyy =0
The co-ordinates of intersection of the two conics 3, 3, are*
(P-2q-27-2 @-29+27r+2)
P+2q¢—2%7+2 (@+29¢+27-29).
The lines joining these points are of the form , «
al@—y)— (-2 B -7 =0
alg+7) —(P'+FDB+y) =0
and it is easily shown that the co-ordinates of the intersections of the
joining lines not lying on 3; and 3, are (—p-¢7). (p—9q7) (pg—7).

These are the pomnts in which the corresponding sides.of .the triangles
DEF, D/E'F’ meet. Hence the theorem,—

The intersections of corresponding sides of two sub-polar triangles
whose poles are 1sogonnl conjugates determine the vertices of the diagonal
triangle of the quadrangle formed by the intersections of the two conics in-
scribed in the triangle of reference which are the envelopes of the polars
with respect to that triangle of points lywng on the polars of the poles of

the two sub-polar triangles.
A =

* ¢t Messenger of Mathematics,”” No. 451, November, 1908, p. 117.

-
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The sides of the triangles PQR, P'Q'R’ pass through the vertices of
the triangle ABC, the equations of QR and Q'R’ being respectively

BBy | vy _
ot =
B v
fag T =%
The triangles PQR, P'Q'R’ are self-conjugate with respect to the
following inseribed conic :—

Any point on the conic ’
) SOanBy—l-ﬁoya-f-yaaB:O
is expressed by the co-ordinates

[~xap &Bs+ Yor & (kBo + ¥o)]s
where « ig a variable parameter.

The equations of the sides EF, FD, DE of the triangle DEF are

respectively
(5 5) +re 5+ 5) =o
o @
B
e _B it AP T
Kﬁo(% - ﬁo) t (70 + "'o> =

Hence EF passes through the point of intersection of the tangents to S,
at B and C; ¥D passes through the point in which the line joining B to
the pole of the conic meets the tangent at C; DE passes through the
point in which the line joining C to the pole of the conic ‘meets the
tangent at B.

The sides of the triangles D’E’F’ are respectively
By + x (0ga + BB + vay) + Byro =0,
Kﬁﬁo‘)’ -k (ao"' + B8 — 'Yo')’) - B'Xo =0,
"2:307 + K (aoa. =~ BB+ vy) — Byo =0,
and these lines envelop respectively the conics
(002 + BoB + Yo¥)* — 4BsvoBy = 0,
(ao“ + ﬂoﬁ' - ‘)’0’)’)2 + 4BOYOBY =0,
(a2 — BoB + yo¥)* + 4 BcvoBy = 0
Hence the theorem,—

If the pole of a sub-polar triangle move on & conic circumscribing the
triangle of reference, the sides of the sub-polar triangle will pass through
three fixed points, while 1f the pole move on a straight line the sides of the
sub-polar triangle will envelop thyee fixed comcs. ’

|
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